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1. Introduction 

Let (X , fy) be a uniform space. A family {dj : i E 1} of pseudometrics on X with indexing 
set /, is called an associated family for the uniformity ^ if the family 

P = {V{i,e):i _/;£>_}, 

where 

V(i,e) = {(x,y) : x,y G X, dt(x,y) < e} 

is a sub-base for the uniformity W . We may assume that j3 itself is a base by adjoining 
finite intersection of members of /3, if necessary. The corresponding family of pseudo- 
metrics is called an associated family for . An associated family for will be denoted 
by p* . For details the reader is referred to 1 1 3 4 5I6I7I8I . 
Let A be a nonempty subset of a uniform space X. Define 



A*(A)=mp{di(x,y):x,yeA,ieI}, 

where 

{dt :/£/}= p* . 

Then A* is called an augmented diameter of A. Further, A is said to be p* -bounded if 
A* (A) < oo, Let 

2 X = {A : A is a nonempty, closed and p* - bounded subset of X} . 
For any nonempty subsets A and B of X, define 

dj(x,A) = inf {di(x, a) : a G A}, i G / 
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Hj(A, B) = max < sup di(a, B), sup d{(A, b) > 
laeA beB J 

= sup {\di(x, A) - di(x, . 

It is well-known that on 2 X , Hi is a pseudometric, called the Hausdorff pseudometric 
induced by di, i G I. 

Let (X,'W)bea uniform space with an augmented associated family p* . p* also induces 
a uniformity ^/* on 2 X defined by the base 

P* = {V*(i,e):ieI,e>0}, 

where 

V*(i, e) = { (A, B) : A, B e 2 X , ff^A, «) < e} • 
The space (2 X , ^*) is a uniform space called the hyperspace of (X, W). 

DEFINITION 1. 

The collection of all filters on a given set X is denoted by 4>(X). An order relation is 
defined on 4>(X) by the rule & x < iff &\ 3 ^2- If < then J^* is called a 
subfilter of 

DEFINITION 2. 

Let (X, be a uniform space defined by {t/,- : ;' e /} = p*. If F : X — > 2 X is a multivalued 
mapping, then 

(i) x G X is called a fixed point of F if x G Fx; 

(ii) An orbit of F at a point xq G X is a sequence {x„} given by 

0(F,*o) = {x n : x„ G Fx n -i,n = 1,2, ...}; 

(iii) A uniform space X is called F-orbitally complete if every Cauchy filter which is a 
subfilter of an orbit of F at each ieX converges to a point of X. 

DEFINITION 3. 

Let (X, °U ) be a uniform space and let F : X — > X be a mapping. A single-valued mapping 
F is orbitally continuous if lim (r"'x) = u implies lim T(T">x) = Tu for each 

2. Main results 

Theorem 1 . Let {X , be an F-orbitally complete Hausdorff uniform space defined by 
{di : i G /} =p* and (2 X , °U* )a hyperspace and let F : X — > 2 X be a continuous mapping 
with Fx compact for each x in X. Assume that 

min {H,(Fx, Fy) r , di{x,Fx)di(y, Fy) r -\di{y,Fy) r } 

+ a i mm{di(x,Fy) 1 di(y,Fx)} < [bidj(x,Fx) 

+ c i di(x,y)}d i (y,Fyy- 1 (1) 

for all i G / and x, y G X, where r > 1 is an integer, ai^ bi, Ci are real numbers such that 
< bi + Ci < 1, then F has a fixed point. 
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Proof. Let xq be an arbitrary point in X and consider the sequence {x„} defined by 

x\ eFx ,x 2 GFxi,...,x n GFx n -i,.... 

Let us suppose that di(x„, Fx n ) > for each i £ / and n = 0, 1,2, .... (Otherwise for some 
positive integer n, x„ £ Fx„ as desired.) 

Let U £ ^ be an arbitrary entourage. Since j3 is a base for there exists V(i, e) £ j3 
such that V (/, e) C {/. Now y — > c/,(xo, y) is continuous on the compact set Fxo and this 
implies that there exists x\ £ Fxq such that di{xo,x\) = di(xQ,Fxo). Similarly, Fx\ is 
compact so there exists x 2 £ Fx\ such that d[(x\ , X2) = di(x\ , Fxi). Continuing, we obtain 
a sequence {x n } such that x n+ \ £ Fx„ and di(x n , x n+ \) — di(x n , Fx n ). 

For x = x n -\, and y = x n by condition (1) we have 

min {#i(Fx B _i, Fx„) r , d,(x„_i, Fx n -\)di{x n , Fx n ) r ~ l , di{x n , Fx n ) r } 
+ aimin{di(x n -i, Fx n ), di(x n , Fx n -i)} < [bidi(x n -i,Fx n -\) 
+ Cidi(x n -i,x n )] di{x n Fx n ) r ~ l 

or since <i,(x„, Fx n -\) = 0, x„ £ Fx„_i. Hence we have 

min { di (x n , x n+ 1 ) r , d t (x„_ 1 , x n )d t (x„ , x„+ 1 ) r ~ 1 } 

< [fc i J i (x„_i,x„) + c i J i (x„_i,x„)] c/;(x„ x„ +1 ) r_1 

and it follows that 

min {dj(x 

r 1 } 

< (fe,- + Ci)di{x n _i,x n )di{x n x n+l ) r - 1 . 

Since 

Xn+iY 1 < {bi + Ci)di{x n _\,x n )di{x n x n+ i) r 1 
is not possible (as < b t + Cj < 1), we have 

di(x n , x n+ \) r < (bj + Ci)di(x n -i, x„)c/ i (x„ i x„ + i) r 1 

or 

di(x n , x n+ i) r < kidi(x n _i,x n )di(x n x n+ \) r l , 

where ki = bi + c, ,0 < ki < 1. 
Proceeding in this manner we get 

di (x„,x n+ i)< kidi (x n - 1 , x n ) 

< kfdi(x n - 2 ,x„-i) 



< tfdi(x ,xi). 
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Hence we obtain 

dj(x n , x m ) < di(x n ,x n +i) + di(x n -\-\x n -\-2) H V di(x m -\ , x m ) 

<(^+^+ 1 + ...+fcf- 1 ) £ / i (x ,x 1 ) 

<*?(1 +*, + •■■+*?""" V*(*0.*i) 
k" 

< d i( x o,xi). 

Since limfcf = 0, it follows that there exists N(i, e) such that di(x n , x m ) < e and hence 

(x„, Xm) G U for all n,m > N(i,e). Therefore the sequence {x„} is a Cauchy sequence in 
the <f, -uniformity on X. 

Let S p = {x„: n> p} for all positive integers p and let j3 be the filter basis 
{S p : p = 1,2, ...}. Then since {x n } is a c/,-Cauchy sequence for each ; G /, it is easy 
to see that the filter basis j3 is a Cauchy filter in the uniform space (X, <W). To see this 
we first note that the family {V(i,e) : ; G /} is a base for °i/ as p* — {di : i G /}. Now 
since {x„} is a <f /-Cauchy sequence in X, there exists a positive integer p such that 
di(x n ,x m ) < e for m > p, n > p. This implies that S p x S p C V(i,e). Thus given any 
U G °U , we can find an 5 p G j3 such that S p x 5 p C U. Hence j3 is a Cauchy filter in 
(X, W). Since (X, is F-orbitally complete and Hausdorff space, S p — > z for some 
z G X. Consequently F(S P ) — > (follows from the continuity of F). Also 

Vi^(y = U{Fi„:n>rf 

for /? = 1 , 2, .... It follows that z G Fz- Hence z is a fixed point of F. This completes the 
proof. 

If we take r = 1 in Theorem 1, then we obtain the following theorem. 

Theorem 2. Let (X, be an F-orbitally complete Hausdorff uniform space defined by 
{di :i El} = p* and (2 X , a U*) a hyperspace, let F : X — > 2 X be a continuous mapping 
and Fx compact for each x in X. Assume that 

mm{Hi{Fx, Fy), di(x, Fx), di(y, Fy)} 

+ a t min { d t (x, Fy) , d t (y, Fx)} < b { d t (x,Fx)+ c ; di (x, y) (2) 

for all i G / and x, y G X, where a,-, bi, Cj are real numbers such that < bj + Ci < 1, then 
F has a fixed point. 

We denote that if F is a single valued mapping on X, then we can write dj(Fx, Fy) — 
Hi(Fx,Fy),x,yeX,ieI. 

Thus we obtain the following theorem as a consequence of the Theorem 2. 

Theorem 3. Let (X, °tt )be a T-orbitally complete Hausdorff uniform space and let T : 
X — > X be a T-orbitally continuous mapping satisfying 

mm{di(Tx, Ty), d t {x, Tx), d { {y, Ty)} 

+ at min { di (x, Ty) , d t (y, Tx)} < b t di (x, Tx) + Cidi(x,y) (3) 

for all x,y G X, i G / and a,-, b[,ci are real numbers such that < b, + c; < 1. Then T has 
a fixed point and which is unique whenever at > Ci > 0. 
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Proof. Define a mapping F of X into 2 X by putting Fx = {Tx} for all x in X. It follows 
that F satisfies the conditions of Theorem 2. Hence T has a fixed point. 

Now if a, > C{ > 0, we show that T has a unique fixed point. Assume that T has two 
fixed points z and w which are distinct. Since di{z, Tz) = and di(w, Tw) = 0, then by the 
condition (2), 

a,min{c/i(z, Tw), diiw, Tz)} < cidi{z, w) 

or 

a t di{z, w) < Cidj(z, w), 

C ' 

di(z, w) < —di(z, w) 
at 

which is impossible. Thus if a, > c, > 0, then T has a unique fixed point in X. This 
completes the proof. 

We note that if a,- = — 1 in condition (3), then one gets the following result as a corollary. 
COROLLARY 4. 

Let T be an orbitally cotinuous self-map of a T-orbitally complete uniform space (X, 1 ^) 
satisfying the condition 

min {dt(Tx, Ty) 7 di(x, Tx), di(y, Ty)} 

- min { di (x, Ty) , di (y, Tx) } < b\ d\ (x, Tx) + c\ di(x,y), 

x, y EX, i <E I and < bj + Cj < 1. Then for each x € X, the sequence {T n x} converges to 
a fixed point ofT. 

Remark 1. If we replace the uniform space (X, %) in Theorem 3 and Corollary 4 by a 
metric space (i.e. a metrizable uniform space), then Theorem 1 and Corollary 1 of Dhage 
1 2 1 will follow as special cases of our results. 

Acknowledgement 

This research was supported by the Scientific and Technical Research Council of Turkey, 
TBAG-1742(1999). 

References 

[1] Acharya S P, Some results on fixed point in uniform space, Yokohama Math. J. XXII (1) 
(1974) 105-116 

[2] Dhage B C, Some results for the maps with a nonunique fixed point, Indian J. Pure Appl. 

Math. 16(3) (1985) 245-256 
[3] Kelley J L, General Topology (Van Nonstrand Company Inc.) (1955) 
[4] Mishra S N and Singh S N, Fixed point of multivalued mapping in uniform spaces, Bull. 

Cal. Math. Soc. 77 (1985) 323-329 
[5] Taraftar E, An approach to fixed point theorems on uniform spaces, Trans. Amer. Math. 

Soc. 11 (1985) 209-225 
[6] Taylor W W, Fixed point theorems for nonexpansive mappings in linear topological 

spaces, /. Math. Anal. Appl. 40 (1972) 164-173 
[7] Thron W J, Topological structures (New York: Holt, Rinehart and Winston) (1966) 
[8] Tiirkoglu D, Ozer O and Fisher B, Some fixed point theorems for set valued mapping in 

uniform spaces, Demonstratio Math. 2 (1999) 395^00 



